Note 2e Equations of Motion in Two Dimensions

Equations of Motion in Two Dimensions

The independence of perpendicular directions means that the motion in each direction is
described by its own set of equations of motion.

For constant acceleration in both directions,

Av =a At Afuy = auAt
Ax:v”At—l—la,Atz Ay = _At—l—la At?
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Ar=v At—=a At Ay=v At—=a At
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Av))=2a Az Av,) = 2a Ay
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Az = 5(1117 + Uz,f)At Ay = E(UW + vw)At

Projectile Motion

In the case of projectile motion, the acceleration in the x direction is zero and the acceleration in
the y direction is —g (with down being negative). The acceleration is also constant.

Afuy = —gAt
Av =0 )
Az =v At Ay=v, At— EgAtQ
Ar = vx,fAt Ay=v At+ %gAt2

.

Aly,) =0 A(v?) = —2gAy
Az=v At=v, fAt 1

Ay = E(UW_ +u,,)At

In the x direction, the equations reduce to these two facts.

V.=V

0 z,f

Ax = v“At =0, fAt
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Velocities in Polar Coordinates

Here are the velocities in polar coordinates. To be useful in the equations above, they must be

converted to cartesian coordinates.

The components of the velocities are
v . =wv cosb v, =v,sinb,

v =0

of cosef v =0 smﬂf

f v.f f

Using these for the velocities, free fall in two dimensions looks like this.

vfsinﬁf —wv,sinf. = —gAt

Ay =wv,sin0 At — %gAt2

v, cosei = COSQf

f . 1 9
Ax = v, cosHiAt =, CosefAt Ay = Yy SmefAt * 59At

v; sin” (Hf) — U? sin® (0) = —2gAy

i

Ay = %(vl sin(0 )—!—vf Siﬂ(Hf))At
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Projectile Motion Trajectory

The trajectory is the path that an object takes as it travels. In the case of projectile motion, we are
looking at the function y(x). We can take the equations of motion and manipulated them to this
form. Assume that an object is launched form the origin and that the initial time is zero.

L >
y=wv,.t, — Egtf and = v, t,

Replacing the time with x,
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This tells us that the trajectory is a downward-facing parabola. Next, we complete the square.

First, factor out the constant from the x2 term.
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Next, add and subtract the constant term.
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Separating the two terms,
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This has the form of

y:m(az—h)2+k

The vertex of the parabola is at h, k. h is half of the range. k is the maximum height. m is the
concavity.

2
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g 29 2v
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Projectile Motion Shortcuts

In the case when an a projectile is launched and lands at the same height, there are several
shortcuts that lets us calculate different aspects of the motion.

The range of a projectile is the horizontal distance that it travels when it arrives back at the same
height as the launch. The flight time is the time that a projectile is in the air.

X y
ax=0 ay=-10
ti=0 =7 ti=0 =7
xi=0 xi=R yi=0 yi=0
w=vecos(e) | VITUOCRN | wi=wrsin@)  wi=vesin(e)

Use the y direction to find the flight time.

Ay =uv, At + %ayAtQ = 0=uvssinfgAt - %gAt2 = At[vi sin6, — %gAt] =0
The solutions are

At =0 and v,sin6, —%gAt =0

The flight time is.

20,
At = Yi sin 0,
g

Given this time, the horizontal distance traveled is

2u. . v v?
Az = v At = v,cost) —sinf = —2sinf cosd = Azx= —‘sm(297,)
' ' g / g / g /

Lastly, the the maximum range is when the following is maximum.

max|sin(20, )] =1 = 20, =90° = 0 =45°
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Lastly, we have the maximum height.

max height

N

Oi 1

For this case, we have that the projectile has a zero vertical velocity at the highest position. Here
are the information for the two directions.

X y
ax=0 ay=-10
ti=0 tr=7? ti=0 tr=7?
xi=0 Xi="? yi=0 yi=h
Vxi = Vi*C0S(6:) Vxi = Vi*Cc0S(0j) Vyi = Vi*sin(8)) vyi=0

Note that this has nothing to do with the x direction. | will use the y direction to find the flight time.

sin 6.
AUU = ayAt = 00— Ui Singi = —gAt = At = Uz S i
| g
The height is
2
sin 6, sin 6.
Ay = UMAt + layAtQ = h= v, singl_At _ lgAtQ =, Sin&i v smog; lg[vz sin ZJ
b= v/sin®f,  1v’sin®f,  1v]sin’6,

g 2 g 2 g

page 5



	Equations of Motion in Two Dimensions
	Projectile Motion
	Velocities in Polar Coordinates
	Projectile Motion Trajectory
	Projectile Motion Shortcuts

